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For any k ∈N, let Pk denote the natural projections on 1. Let ||| · ||| be an equivalent norm
of 1 that satisﬁes all of the following four conditions:
(1) There are α > 4 and a positive (decreasing) sequence (αn) in (0,1) such that for any
normalized block basis { fn} of (1, ||| · |||) and x ∈ 1 with Pk−1(x) = x and |||x||| < αk ,
limsup
n→∞
||| fn + x||| 1+ |||x|||
α
.
(2) There are two strictly decreasing sequences {βk} and {γk} with
lim
k→∞
βk = 0 and lim
k→∞
γk = 1
such that for any normalized block basis { fn} of (1, ||| · |||) and x with (I − Pk)(x) = x,
lim inf
n→∞ ||| fn + x||| 1− βk + γ
−1
k |||x|||.
(3) For any k ∈N, ‖I − Pk‖ = 1.
(4) The unit ball of (1, ||| · |||) is σ(1, c0)-closed.
In this article, we prove that the space (1, ||| · |||) has the ﬁxed point property for the
nonexpansive mapping. This improves a previous result of the author.
© 2009 Elsevier Inc. All rights reserved.
Let X be a Banach space and C be a closed convex subset of X . A mapping T : C → C is nonexpansive if
‖T x− T y‖ ‖x− y‖ for all x, y ∈ X .
C is said to have the ﬁxed point (for nonexpansive mapping) if every nonexpansive mapping on C has at least one ﬁxed
point, i.e., there is x ∈ C such that T x = x. X is said to have the (weakly) ﬁxed point property if every bounded closed
(weakly compact) convex subset of X has the ﬁxed point. A sequence (xn) in C is said to be an approximate point sequence if
lim
n→∞‖T xn − xn‖ = 0.
It is known that for any nonexpansive mapping on a bounded closed convex subset of a Banach space has an approximate
point sequence. Goebel and Karlovitz (see [2, p. 53] and [5]) proved the following lemma:
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P.-K. Lin / J. Math. Anal. Appl. 362 (2010) 534–541 535Lemma 1. Let C be a nonempty bounded closed convex subset of a Banach space X and T a nonexpansive self-mapping on C. Let (xn)
be an approximate ﬁxed point sequence of T and let φ : C → R+ be the function deﬁned by
φ(x) = limsup
n→∞
‖x− xn‖.
Then φ is a lower semi-continuous convex function. Moreover, for any d > inf{φ(x): x ∈ C}, the set D = {x ∈ C : φ(x)  d} is a
nonempty closed convex T -invariant subset of C . If C is weakly compact, then C contains a minimal closed convex T -invariant subset
K of C . In this case, for any approximate ﬁxed sequence (yn) in K and any y ∈ K ,
diam(K ) = lim
n→∞‖y − yn‖.
Let {e j: j ∈ N} be the natural basis of 1, and for each k ∈ N, let Pk denote the projection
Pk
( ∞∑
j=1
a je j
)
=
k∑
j=1
a je j .
For any elements x, y in 1, we write y  k  x if Pk−1 x = x, and (I− Pk) y = y. It is known that for any bounded sequence
(xn) in 1, there is a subsequence xnk that converges pointwise (weak
∗) to an element y ∈ 1. (In this article, the weak∗
topology is the σ(1, c0) topology.)
In [1], Dowling, Lennard, and Turett asked the following question:
Question 2. (See [1, Question 2.23]; also see [3, p. 52].) Can 1 be renormed to have the ﬁxed point property?
Let {γn} be a strictly decreasing sequence that converges to 1. Let ||| · ||| be an equivalent norm deﬁned on 1 by
∣∣∣∣∣∣(an)∣∣∣∣∣∣= sup
{
γ −1k
∞∑
n=k
|an|: k ∈ N
}
.
In [4], the author proved that if γk = 1+8k8k , then (1, ||| · |||) has the ﬁxed point property. In this article, we study the
renorming (1, ||| · |||) of 1 that satisﬁes the following conditions:
(1) There are α > 4 and a positive (decreasing) sequence (αn) in (0,1) such that for any normalized block basis { fn} of
(1, ||| · |||) and x ∈ 1 with k  x and |||x||| < αk ,
limsup
n→∞
||| fn + x||| 1+ |||x|||
α
.
(2) There are two strictly decreasing sequences {βk} and {γk} with
lim
k→∞
βk = 0 and lim
k→∞
γk = 1
such that for any normalized block basis { fn} of (1, ||| · |||) and x with x  k,
lim inf
n→∞ ||| fn + x||| 1− βk + γ
−1
k |||x|||.
(3) For any k ∈ N, ‖I − Pk‖ = 1 (where I denotes the identity mapping on 1).
(4) The unit ball of (1, ||| · |||) is σ(1, c0)-closed. This is: the unit ball of (1, ||| · |||) is σ(1, c0)-compact, and if {yn} is a
sequence in the unit ball of (1, ||| · |||) that converges to y weak∗ , then |||y||| 1.
We will show that if the renorming (1, ||| · |||) of 1 satisﬁes (1)–(4), then (1, ||| · |||) has the ﬁxed point property.
Example 1. Let {δk} be a decreasing sequence such that limk→∞ δk = 1. Let ||| · ||| be an equivalent norm on 1 deﬁned by∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∞∑
n=1
anen
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣= supk∈N δ−1k
∞∑
n=k
|an|.
Then the usual basis of 1 is a 1-unconditional basis of (1, ||| · |||). So the unit ball of (1, ||| · |||) is σ(1, c0)-closed, ‖Pk‖ = 1
and ‖I − Pk‖ = 1 for all k ∈ N. This implies that the norm ||| · ||| satisﬁes (3) and (4). We need only to show that the norm
||| · ||| satisﬁes (1) and (2). Let ‖ · ‖1 denote the usual norm of 1.
• For any normalized block basis { fn} of (1, ||| · |||),
1 = lim
n→∞||| fn||| = limn→∞‖ fn‖1.
536 P.-K. Lin / J. Math. Anal. Appl. 362 (2010) 534–541Let { fn} be a normalized block basis in (1, ||| · |||).
• If x  k and |||x||| δ−11 (δk − 1), then ‖x‖1  δk − 1, and
limsup
n→∞
||| fn + x|||max
{
lim
n→∞||| fn|||, δ
−1
k limn→∞
(‖ fn‖1 + ‖x‖1)} 1.
• If x  k, then
lim inf
n→∞ ||| fn + x||| lim infn→∞ δ
−1
k ‖ fn + x‖1
= lim
n→∞ δ
−1
k
(‖ fn‖1 + ‖x‖1)
 δ−1k + δ−1k |||x|||
= 1− (1− δ−1k )+ δ−1k |||x|||.
We have shown that (1, ||| · |||) satisﬁes the above conditions (1)–(4).
Example 2. Let {δk} be a decreasing sequence in such that limk→∞ δk = 1. Let ||| · ||| be an equivalent norm on 1 deﬁned by∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∞∑
n=1
anen
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣= supk∈N δ−1k
( ∞∑
n=k
|an| + 1
8δ1
(
k−1∑
n=1
|an|2
)1/2)
.
Then the unit ball of (1, ||| · |||) is σ(1, c0)-closed, and
‖Pk‖ = 1 and ‖I − Pk‖ = 1 for all k ∈ N.
Fix k ∈ N. Let { fn} be a normalized block basis of (1, ||| · |||) and x an element in 1 such that x  k and |||x||| δ−11 (δk − 1).
Then
‖x‖1  δk − 1, lim
n→∞‖ fn‖1 = 1,
and
lim inf
n→∞ ||| fn + x||| lim infn→∞ δ
−1
k ‖ fn + x‖1 = limn→∞ δ
−1
k
(‖ fn‖1 + ‖x‖1) 1− (1− δ−1k )+ δ−1k |||x|||.
We have proved the space (1, ||| · |||) satisﬁes (2). Fix k ∈ N. Let x be an element such that k  x. Let { fn} be any normalized
block basis. Then
limsup
n→∞
||| fn + x||| limsup
n→∞
sup
j∈N
δ−1j
(∥∥(I − P j−1) fn∥∥1 + 18δ1 ‖P j−1x‖1
)
 limsup
n→∞
sup
j∈N
δ−1j
∥∥(I − P j−1) fn∥∥1 + 18δ1 ‖Pkx‖1  1+
|||x|||
8
.
We have shown that the space (1, ||| · |||) satisﬁes the conditions (1)–(4).
Example 3. For any real number a, let a+ and a− be deﬁned by
a+ =
{
a if a 0,
0 if a < 0,
a− =
{
0 if a 0,
−a if a < 0.
Let {δk} be a decreasing sequence such that limk→∞ δk = 1. Let ||| · ||| be an equivalent norm on 1 deﬁned by∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∞∑
n=1
anen
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣= supk∈N δ−1k
( ∞∑
n=k
|an| + 1
8δ1
sup
{(
k−1∑
n=1
∣∣a+n ∣∣2
)1/2
,
(
k−1∑
n=1
∣∣a−n ∣∣2
)1/2})
.
The usual basis of the space (1, ||| · |||) is not 1-unconditional. But the unit ball of (1, ||| · |||) is σ(1, c0)-closed, and
‖I − Pk‖ = 1 for all k ∈ N. We left to the reader to verify that the space (1, ||| · |||) satisﬁes the above conditions (1)–(2).
The following lemma is known. For complete, we present a proof.
Lemma 3. Let ||| · ||| be an equivalent norm on 1 that satisﬁes (1)–(4). Let (gn), (hn) be two σ(1, c0)-null sequence such that
limn→∞ |||gn||| = ρ1  1 and limn→∞ |||hn||| = ρ2 . Suppose that for any x ∈ 1 , the limit limm→∞ |||hm + x||| exists.
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lim inf
n→∞ limm→∞|||gn + hm + x||| ρ1 + ρ2.
(b) If x ∈ 1 such that k  x and αk > |||x|||, then
limsup
n→∞
lim
m→∞|||gn + hm + x||| ρ1 + ρ2 +
|||x|||
α
.
(c) If x ∈ 1 with x  k, then
limsup
n→∞
lim
m→∞|||gn + hm + x||| (1− βk)(ρ1 + ρ2) + γ
−1
k |||x|||.
Proof. Suppose that (1) and (2) are true. Let { fn} be an sequence in 1 such that
• for each n, fn is ﬁnite support;
• for each k, there is Mk such that fn  k for all n Mk;
• limn→∞ ||| fn||| = 1.
We note:
(1′) (1) implies that for any 
 > 0 and any x ∈ 1 with k  x and |||x||| < αk , there is L such that if ||| f ||| = 1 and f  L, then
||| f + x||| 1+ |||x|||
α
+ 
.
(2′) (2) implies that for any 
 > 0 and any x ∈ 1 with x  k, there is L such that if f  L and ||| f ||| = 1, then
||| f + x||| 1− βk + γ −1k |||x||| − 
.
We only prove (1′) and leave (2′) to the reader. Suppose that (1′) is not true for some 
 > 0 and some x with k  x and
αk > |||x|||. By induction, there are an increasing sequence {nm}∞m=1 and a sequence { fm}∞m=1 in 1 such that for any m ∈ N,
fm  nm,
||| fm||| = 1,∣∣∣∣∣∣(I − Pnm+1) fm∣∣∣∣∣∣ 12m ,
||| fm + x||| 1+
∣∣∣∣
∣∣∣∣
∣∣∣∣ xα
∣∣∣∣
∣∣∣∣
∣∣∣∣+ 
.
Let cm = |||Pnm+1 fm|||. Then
lim
m→∞ cm = 1
and {c−1m Pnm+1 fm}∞m=1 is a normalized block basis. Thus
limsup
m→∞
∣∣∣∣∣∣c−1m Pnm+1 fm + x∣∣∣∣∣∣= limsup
m→∞
||| fm + x||| 1+
∣∣∣∣
∣∣∣∣
∣∣∣∣ xα
∣∣∣∣
∣∣∣∣
∣∣∣∣+ 
.
We get a contradiction.
Proof of (a). Let {h′m}, {g′n} be two sequences in (1, ||| · |||) such that for each n g′n,h′n are ﬁnite support, and for each k
there is M such that g′n  k and h′n  k for all n > M, and the limits
lim
n→∞
∣∣∣∣∣∣g′n∣∣∣∣∣∣= ρ1,
lim
m→∞
∣∣∣∣∣∣h′m∣∣∣∣∣∣= ρ2 = 1
exist. By (2), if g′n  k, then
lim inf
m→∞
∣∣∣∣∣∣g′n + h′m∣∣∣∣∣∣ 1− βk + γ −1k ∣∣∣∣∣∣g′n∣∣∣∣∣∣.
So
1+ ρ1 = lim
(
1− βk + γ −1k ρ1
)
 lim inf lim inf
∣∣∣∣∣∣g′n + h′m∣∣∣∣∣∣ 1+ ρ1.
k→∞ n→∞ m→∞
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lim
n→∞ limm→∞
∣∣∣∣∣∣g′n + h′m∣∣∣∣∣∣= ρ1 + ρ2.
Let {gn} and {hn} be any two σ(1, c0)-null sequences such that
lim
n→∞|||gn||| = ρ1  1 and limn→∞|||hn||| = ρ2.
Suppose that there is x ∈ 1 such that
lim inf
n→∞ lim infm→∞ |||gn + hm + x||| < ρ1 + ρ2.
Let

 = 1
3
·
(
ρ1 + ρ2 − lim inf
n→∞ lim infm→∞ |||gn + hm + x|||
)
.
Since {gn} and {hn} are weak∗-null, there are two to subsequences of {g′n} and {h′n} such that
• for each n, g′n,h′n are ﬁnite support and
∣∣∣∣∣∣gn − g′n∣∣∣∣∣∣< 1n ,
∣∣∣∣∣∣hn − h′n∣∣∣∣∣∣< 1n ;
• for each k there is Mk such that g′n  k, h′n  k for all n > Mk.
Let x′ be an element with ﬁnite support such that
|||x− x′||| < 
.
Then
ρ1 + ρ2 − 2
  lim inf
n→∞ lim infm→∞ |||gn + hm + x|||
= lim inf
n→∞ lim infm→∞
∣∣∣∣∣∣g′n + h′m + x∣∣∣∣∣∣
 lim inf
n→∞ lim infm→∞
∣∣∣∣∣∣g′n + h′m + x′∣∣∣∣∣∣− 

 lim inf
n→∞ lim infm→∞
∣∣∣∣∣∣g′n + h′m∣∣∣∣∣∣− 
 (since ‖I − Pk‖ = 1 for all k)
= ρ1 + ρ2 − 
.
We get a contradiction and we have proved (a). We note that the triangle inequality and (a) imply that
lim
n→∞ limm→∞|||gn + hm||| = ρ1 + ρ2.
Proof of (b). Suppose that ρ1  1, k  x and αk > |||x|||. It is clear that (b) is true if ρ2 = 0. We may assume that ρ2 > 0.
Let 
 be any positive real such that 
 < ρ22 . By (1
′), there is L such that if ||| f ||| = 1 and f  L, then
||| f + x||| 1+ |||x|||
α
+ 
.
Since {gn}, {hm} are σ(1, c0)-null and limn→∞ limm→∞ |||gn + hm||| = ρ1 + ρ2, there is M for any m  M , there is N such
that for any n N , we have
|||PL gm||| 

4
,
|||PL hn||| 

4
,
ρ1 + ρ2 + 
 > |||gm + hn||| ρ1 + ρ2 − 
.
P.-K. Lin / J. Math. Anal. Appl. 362 (2010) 534–541 539Suppose that n,m satisfy the above conditions. Let c = |||(I − PL)(gm + hn)|||. Then ρ1 + 2ρ2 > c  ρ1  1, ||| xc ||| < αk , and
|||gm + hn + x|||
∣∣∣∣∣∣(I − PL)(gm + hn) + x∣∣∣∣∣∣+ 

2
= c∣∣∣∣∣∣c−1(I − PL)(gm + hn) + c−1x∣∣∣∣∣∣+ 

2
 c
(
1+
∣∣∣∣
∣∣∣∣
∣∣∣∣ xcα
∣∣∣∣
∣∣∣∣
∣∣∣∣+ 

)
+ 

= c +
∣∣∣∣
∣∣∣∣
∣∣∣∣ xα
∣∣∣∣
∣∣∣∣
∣∣∣∣+ (c + 1)

 |||gm + hn||| +
∣∣∣∣
∣∣∣∣
∣∣∣∣ xα
∣∣∣∣
∣∣∣∣
∣∣∣∣+ (ρ1 + 2ρ2 + 1)

 ρ1 + ρ2 + |||x|||
α
+ (ρ1 + 2ρ2 + 2)
.
Since 
 is an arbitrary positive number such that 
 < ρ22 , we have proved (b).
Proof of (c). Suppose that ρ1  1 and x  k. If ρ2 = 0, then (c) is true. So we may assume that ρ2 > 0. Let 
 be any
positive real such that 
 < ρ22 . By (2
′), there is L such that if ||| f ||| = 1 and f  L, then
||| f + x||| 1− βk + γ −1k |||x||| − 
.
Since {gn}, {hm} are σ(1, c0)-null and limn→∞ limm→∞ |||gn + hm||| = ρ1 + ρ2, there is M for any m  M , there is N such
that for any n N , we have
|||PL gm||| 

4
,
|||PLhn||| 

4
,
ρ1 + ρ2 + 
 > |||gm + hn||| ρ1 + ρ2 − 
.
Suppose that n,m satisfy the above conditions. Let c = |||(I − PL)(gm + hn)|||. Then ρ1 + 2ρ2  c  ρ1 + ρ2 − 2
  1 and
|||gm + hn + x|||
∣∣∣∣∣∣(I − PL)(gm + hn) + x∣∣∣∣∣∣− 

2
= c∣∣∣∣∣∣c−1(I − PL)(g′m + h′n)+ c−1x∣∣∣∣∣∣− 
2
 c
(
1− βk + γ −1k
∣∣∣∣
∣∣∣∣
∣∣∣∣ xc
∣∣∣∣
∣∣∣∣
∣∣∣∣− 

)
− 

= c(1− βk) + γ −1k |||x||| − (c + 1)

 (ρ1 + ρ2 − 2
)(1− βk) + γ −1k |||x||| − (ρ1 + 2ρ2 + 1)
.
Since 
 is an arbitrary positive number such that 
 < ρ22 , we have proved (c). The proof is complete. 
Theorem 4. Let (1, ||| · |||) be an equivalent norm on 1 that satisﬁes the following conditions:
(1) There are α > 4 and a positive (decreasing) sequence (αk) in (0,1) such that for any normalized block basis { fn} of (1, ||| · |||)
and x ∈ 1 with k  x and |||x||| < αk,
limsup
n→∞
||| fn + x||| 1+ |||x|||
α
.
(2) There are two strictly decreasing sequences {βk} and {γk} with
lim
k→∞
βk = 0 and lim
k→∞
γk = 1
such that for any normalized block basis { fn} of (1, ||| · |||) and x with x  k,
lim inf
n→∞ ||| fn + x||| 1− βk + γ
−1
k |||x|||.
(3) For any k ∈ N, ‖I − Pk‖ = 1.
(4) The unit ball of (1, ||| · |||) is σ(1, c0)-closed.
Then (1, ||| · |||) has the ﬁxed point property for nonexpansive mapping.
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sive mapping T : C → C that has no ﬁxed point. Let
A =
{(
(xn), x
)
: (xn) is an approximate sequence of T that converges pointwise to x, and for any y ∈ 1,
lim
n→∞|||xn − y||| exists
}
.
Note that 1 is separable. For any bounded sequence (xn), there is a subsequence (xnk ) of (xn) such that
lim
k→∞
|||xnk − y||| exists for all y ∈ 1.
A is nonempty. Let
ρ1 = inf
{
lim
n→∞|||xn − x|||:
(
(xn), x
) ∈ A}.
It is known that ρ1 > 0 [4, Remark 4]. Without loss of generality, we assume that ρ1 = 1. Select k2,k1 ∈ N such that k2 > k1,
α  4+ 10βk1
(
since α > 4 and lim
k→∞
βk = 0
)
,
4αγ1βk2 < βk1
(
since γ1 > 1, βk1 > 0, and lim
k→∞
βk = 0
)
.
Select an element ((xn), x) in A such that
lim
n→∞|||xn − x||| 1+
βk2
3
 1+ βk1
3
.
Without loss of generality, we assume that x = 0. Let
K =
{
y ∈ C : limsup
n→∞
|||y − xn||| 2+ βk2
}
.
Note that
limsup
n→∞
lim
m→∞|||xm − xn||| limn→∞|||xn||| + limm→∞|||xm||| 2+
2βk2
3
.
K is a nonempty closed convex T -invariant subset of C . Let
ρ = inf{lim |||yn − y|||: (yn) is an approximate ﬁxed sequence in K such that ((yn), y) ∈ A}.
Then ρ  1. Let (yn) be any approximate ﬁxed point sequence in K such that ((yn), y) ∈ A. Then for any k k2,
2+ 2βk2  limsup
m→∞
lim
n→∞|||xn − ym|||
(
since lim
n→∞|||xn − ym||| 2+ βk2
)
= limsup
m→∞
lim
n→∞|||xn − ym + y − y|||
 limsup
m→∞
lim
n→∞
∣∣∣∣∣∣(I − Pk)(xn − ym + y − y)∣∣∣∣∣∣ (‖I − Pk‖ = 1)
 (1− βk)
(
lim
n→∞|||xn||| + limm→∞|||ym − y|||
)
+ γ −1k
∣∣∣∣∣∣(I − Pk)y∣∣∣∣∣∣ (by Lemma 3(c))
 2(1− βk) + γ −1k
∣∣∣∣∣∣(I − Pk)y∣∣∣∣∣∣ (min{ lim
n→∞|||yn − y|||, limn→∞|||xn|||
}
 ρ1 = 1
)
 2(1− βk2) + γ −1k
∣∣∣∣∣∣(I − Pk)y∣∣∣∣∣∣.
Since γ1  γk for all k ∈ N, we have proved that
βk1 
βk1
α
 4γ1βk2  4γkβk2 
∣∣∣∣∣∣(I − Pk)y∣∣∣∣∣∣.
Let z be any vector in K . Since the unit ball of (1, ||| · |||) is w∗-closed, (xn) converges to 0 weak∗ , and (yn) converges to y
weak∗ ,
|||z||| lim inf
n→∞ |||xn − z||| 2+ βk2 ,
|||y||| lim inf
n→∞ |||yn||| 2+ βk2 (since yn ∈ K ).
Now, let z be a ﬁxed element in K . Select k > k2 such that∣∣∣∣∣∣(I − Pk)z∣∣∣∣∣∣ βk2  βk2 .α
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ρ(2− αk) 2ρ − αk < 2ρ − αk(α − βk)
α
(since ρ  1, αk > 0, βk > 0).
There is 
 > 0 such that
(ρ + 
)(2− αk) < 2ρ − αk(α − βk)
α
.
Now, let (yn) be a ﬁxed approximate sequence in K such that ((yn), y) ∈ A and
lim
n→∞|||yn − y||| ρ + 
.
Then we have
|||Pk z||| |||z||| +
∣∣∣∣∣∣(I − Pk)z∣∣∣∣∣∣ 2+ βk2 + βk2  2+ 2βk2 ,
|||Pk y||| |||y||| +
∣∣∣∣∣∣(I − Pk)y∣∣∣∣∣∣ 2+ βk2 + βk1  2+ βk2 + βk1 ,
and
|||Pk z − Pk y||| 4+ 4βk1 < α.
This implies that
limsup
m→∞
lim
n→∞
∣∣∣∣∣∣yn − (1− αk)ym − αkz∣∣∣∣∣∣= limsup
m→∞
lim
n→∞
∣∣∣∣∣∣(yn − y) − (1− αk)(ym − y) − αk(z − y)∣∣∣∣∣∣
 limsup
m→∞
lim
n→∞
∣∣∣∣∣∣(yn − y) − (1− αk)(ym − y) − αk Pk(z − y)∣∣∣∣∣∣
+ ∣∣∣∣∣∣αk(I − Pk)(z − y)∣∣∣∣∣∣
 lim
n→∞
∣∣∣∣∣∣(yn − y)∣∣∣∣∣∣+ lim
m→∞(1− αk)
∣∣∣∣∣∣(ym − y)∣∣∣∣∣∣+ αk
α
∣∣∣∣∣∣Pk(z − y)∣∣∣∣∣∣
+ ∣∣∣∣∣∣(I − Pk)αk(z − y)∣∣∣∣∣∣ (by Lemma 3(b))
 (ρ + 
)(2− αk) + αk
α
(4+ 4βk1) +
αk
α
(βk2 + βk1)
 (ρ + 
)(2− αk) + αk
α
(6βk1 + 4)
 2ρ − αk(α − βk)
α
+ αk
α
(4+ 6βk1)
 2ρ − αk
α
(α − 4− 7βk1)
< 2ρ − 2αkβk1
α
.
Let
K1 =
{
x ∈ K : lim
n→∞|||yn − x||| 2ρ −
αkβk1
α
}
.
Then K1 is a nonempty closed convex invariant subset of K . Let (wm) be any approximate ﬁxed point sequence in K1 such
that ((wm),w) ∈ A. Then
2ρ − αkβk1
α
 limsup
m→∞
lim
n→∞|||yn − wm|||
(
lim
n→∞|||yn − wm||| 2ρ −
αkβk1
α
)
 lim
m→∞|||w − wm||| + limn→∞|||y − yn|||
(
by Lemma 3(a)
)
 2ρ.
We get a contradiction. The proof is complete. 
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